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8. DERIVATIVES AND INTEGRALS OF VECTOR FUNCTIONS

Exercise 1. Find the domain of the vector function and determine whether they are closed and/or
bounded. Determine whether the domain is compact or not.

(1) 7(t) = (Vt, 1>+ 1,1n(t))
(2) 7(t) = (sin(e"), Vet, v=1)
(3) 7(t) = (V2+1,vV2 -1, 75)

Solution.

(1) Note that V/t is defined for t > 0, t2 + 1 is defined everywhere, and In(¢) is defined for
t > 0. So, for them to be simultaneously defined, ¢ > 0. This is not closed, not bounded,
so not compact.

(2) Note that sin(e!) is defined everywhere, /et is defined everywhere, and /— is defined
for —t > 0, or t < 0. So, for them to be simultaneously defined, ¢ < 0. This is closed, but
not bounded, so not compact.

(3) Note that /2 + t is defined for 2+t > 0, ort > —2. Also, /2 — t is defined for 2 —¢ > 0,
or 2 > t. Finally, tﬁ is defined for t +4 # 0, or t # —4. So, for them to be simultaneously
defined, —2 <t < 2. This is closed and bounded, so compact.

[l

Exercise 2. Find the limit, or explain why it does not exist.
(1) limy_o(t? + 1, t%p e').
. sin et—
(2) limy o (58, <2 1),
(3) limy oo (7, t 4 1, €%).

. 2 In(t
(4) hmt%o@@tﬁt? %7 %>

. — t_
(5) Timy 1 (=5, S5 H—L?))

Solution.



(1) Plug t = 0 and get (1,1, 1). This is possible because the component functions are all

continuous at ¢t = 0.
(2) Note by L’'Hopital (because these are %)
in(t t b—1 !
tim S8 i 90 ) =1, tim et S im E — 0 =1
t—0 ¢ t—0 t—0 ¢ t—0 1
So the limit is (1, 1, 0).
(3) Since lim;_,+, €' doesn’t exist, the limit doesn’t exist.
(4) Note by L’'Hopital (because these are 2)
o t+1 2 2 1
hm—: m —— = lm — = —,
t—oo 202+t tooodt+1  toood
In(t :
tim 20 oy 2o,
t—oo ¢ t—oo 1
.o t+1 . 1
tliglot?—i—l _tligloﬂ =0,
so the limit is (3,0, 0).
(5) Note thatfort # 1, 5= = 5. So the limit is just lim,_,1 (7, ett—_l, ) = (5,5 1) =
(3, e—1,1).
O
Exercise 3. Find 7/(t).
(1) 7(t) = (*, -21)
A 7 1y
(2) 7(t) = i+ cos(t)j + 135k
(3) 7(t) = (VI +2,2, )
Solution.
(1) 7'(t) = (5t*, —2).
() F’(t) — 3e3t; — Sln(t)j — (1_&75)2 k.
(330, —31)
O

(3) 7'(t)
Exercise 4. Find the unit tangent vector T (t) at the point with the given value of the parameter

t.
(1) 7(t) = (sint,cos2t,cost + sint), t=0.
=0.

(2) 7(t) = (1,2 + 2t '),
(3) 7(t) = (In(t + 1), cos(t), 7), t=0.
Solution.
(1) We have
7'(t) = (cost, —2sin 2t, —sint + cost), 7'(0) = (1,0,1).
i _ 70 _ 101 _ ;1 1
S0 T(0) = iy = " = {750 330
(2) We have
Fl(t) = (—e "2t +2,¢"),  7(0) = (—1,2,1),

= _ 7(0) _ (-1,2,1) 1 2 1

50 T(0) = iy = v = % v V)
2



(3) We have

So, T(0) = (1,0,0).

Exercise 5. Find the unit tangent vector 7'(¢) at the given point.
(1) 1) = (L, whrosin?t), (1,1,0)

t+17 2417

(2) 7(t) = (sint,5t,cost), (0,0,1)
(3) 7(6) = ((E+ 127770, (4,1,1)
Solution.
(1) Note that (1, 1,0) corresponds to t = 0. We have
B 1 ot . }
() = <_(t+ T 1)2,281ntcost>, 7'(0) = (—1,0,0).
So T'(0) = (—1,0,0).
(2) Note that (0,0, 1) corresponds to t = 0. We have
7'(t) = (cost,b,—sint), 7'(0)=(1,5,0),

= _ (15,00 _ 1 5
SO T(O) = /it <\/—2—6, \/_276’ 0>

(3) Note that (4, 1,1) corresponds to ¢t = 7. We have

= 2 3 et - 1 1
T/(t) = <§(t+1) / ) € 7_t_2>7 T/(7) = <§7]~7_?>
So,
/14141 499 V499" /499" /499"
9 49 441
Exercise 6. Find a vector equation for the tangent line to the curve
r=Vt2+3, y=mnt*+3), z=t,
at (2,In4,1).
Solution. Note that (2,In4,1) corresponds to t = 1. Let 7(t) = (v/t2 + 3,In(t* + 3),t). Then
t 2t
F/ t = Y 71 Y
W= el
SO -
Fl(1) = (=, =, 1).
)= (5500

So the equation of the tangent line is

11
2,In4,1 )
<7n’>+8<2727>

Exercise 7. Evaluate the integral.



(1) (87— 2t] — (4% + 3)k)dt.
@ [ (%HZH?/?’]JF sin(t )/5) dt.
(3) fﬂ/4 (cos(2t)i + €'] + sin(t)k)dt.

Solution.
(1)
3 3 3
/ (ti — 2] — (4> + 3)k / tdti — | 2tdty —/ (48% + 3)dtk
1 1
1\ - S -
yt 3T — 21237 — (14 + 30) =3k = (g—§)i—(9—1)j—(34+9—(1+3))k
— 47 — 87 — 86k.
(2)

— —

1 hnd b = - 3 hd
/(1+tz’+t2/3j+sin(t)k) dtzln(1+t)i+gt5/3j — cos(t)k + C,

where C' is a constant vector.

(3)
w/4 N . . w/4 . w/4 . /4 N
/ (cos(2t)I + €'j + sin(t)k)dt = / cos(2t)dti + / eldty + / sin(t)dtk
0 0 0 0
n(2%) t=r /4~ 1- - 2 -
- Smé ) ERAT et fZR T — cos(8)|28 Mk = St (et = 1)j - (é — k.

Exercise 8. Find 7(t).
1) 7'(t) = 2t5+ej+ Vik, () =i+] -k Tl =i+]-k
(2) 7/(t) = 750 + (t+1)%) + e 2k, 7(0) = 3i —
(3) 7'(t) = (t+e ', 3t — 2,8in(t) — ), 7(0) = (3,-2,1).

ol

Solution.
(1) We have 7(t) = [(2ti 4 ¢'j + Vik)dt = %7 + el + §t3/2E + C, for a constant vector C.
We know C by putting ¢t = 1,

or

— 5—»
C=(1—-e)— k.
(I-e)j—3
So
= 27 t = 2 3/2 5.7
7(t) =% + (e —i—l—e)j—i—(gt _§) :
(2) We have 7(t) = f(H—Qz + (t+1)% + e 2k)dt = In(t 4 2)i + 3(t+ 135 — 56_2”; +C
for a constant vector. We know C by putting ¢t = 0,
o1 1. .
3i —k =7(0) =1In(2) + §j - §k +C,



or

. 1o 1.
C=(3- 1n2)2—§j——k
>0 -1, e 241
() = (In(t +2) + 3 — In2)i + (”?3 —1z ¢ 2* i

—

(3) We have 7(t) = [(t + e, 3> — 2,sin(t) — e')dt = (& — e, 7 — 2t, — cos(t) — ') + C,
for a constant vector C. We know C by putting ¢t = 0,
(3,-2,1) = #0) = (~1,0,-2) + C,
or B
C=(4,-2,3).
So
t2

7(t) = <5 —e 4,8 — 2t — 2, —cos(t) — e + 3).

O

Exercise 9. If 7(¢) is some curve on the sphere 2% + y? + 2% = 1 (namely if |7(¢)| = 1 regardless
of t), then show that 7/(t) is always orthogonal to (¢).
Solution. Since |7(t)| = 1, 7(t) - 7(t) = 1. Taking < on both sides, we get

d , ..
pr (r(t) - 7(t)) = 0.

By the product rule, we have

mi() - () + () () = 0,
so 27 (t) - 7' (t) = 0, or 7(t) - 7' (t) = 0. So, 7'(t) is orthogonal to 7(t). O

9. CALCULUS FOR CURVES AND MOTIONS

Exercise 1. Find the arclength of the curve segment.
(1) 7(t) = (t,3cost,3sint), =5 <t < 5.
- 3
(2) 7(t) = (t,1%,%5),0<t < 1.
(3) 7(t) = (t?,9t,4t3/%),1 <t < 4.

Solution.

(1) We have 7/(t) = (1, —3sint, 3cost),so |7 (t)| = V12 + 9sin’t + 9 cos? t = 1/10. So the
arclength is

5 5
/ ]F’(t)\dt:/ VI0dt = 10V/10.
-5 -5

(2) We have 7/(t) = (1,2t,2t%), so |7'(t)| = V1 + 4t + 4t* = 2t? 4 1. So the arclength is
! ! 208 =l 2 5
)|dt = | 2P+ 1)dt ="+t =Z+4+1=-.
(ol [ e na =27 =413

(3) We have 7'(t) = (2t,9,6tY/2), so |7/ (t)| = /4t2 + 81 + 36t = 2t + 9. So the arclength is

4 4
/ |F’(t)|dt:/ (2t + 9)dt = t* + 9t
1 1

5

t=4
— (16 +36) — (14 9) = 42.

t=1




Exercise 2. Find the arclength parametrization.
(1) 7(t) = (cos(t?),sin(t®)), starting from ¢ = 0, to the direction of increasing ¢.

(2) 7(t) = (cos(t?),sin(t*)), starting from ¢ = 0, to the direction of decreasing .
(3) 7(t) = (b —t, 4t — 3, 3t), starting from (5, —3, 0), to the direction of increasing ¢.
(4) r(t) (e'sint, et cost, v/2e'), starting from (0, —e™, y/2€7), to the direction of decreasing
(5) r( ) = (e'sint, e’ cost,/2et), starting from (0, —e™, /2¢7), to the direction of increasing
t.
Solution.

(1) We have 7/(t) = (—3t%sin(t?), 3t* cos(t?)), so |F/(t)| = 3t2. Since we are interested in
the parametrization to the positive direction, we want to compute the arclength from time
0 to time ¢, denoted ¢(t). This would be given as

/ 17" (s)|ds —/ 3s%ds = t°.

So, the parametrization with respect to arclength ¢ from ¢ = 0 to positive direction would
be to replace 3 by /. This is just 7(¢) = (cos({), sin(¢)).

As a sanity check, this should satisfy |[77/(¢)] = 1 and that the parametric curve 7(¢)
for ¢ > 0 would correspond to the parametric curve 7°(¢) for ¢ > 0. It is indeed the case
that |7/(¢)| = 1 because we did that calculation in class. Also ¢ > 0 corresponds to ¢t > 0
because the argument in cos and sin increases in both cases.

(2) We have 7/(t) = (—4t®sin(t?), 4¢3 cos(t*)), so |7/ (t)| = 4|t]>. Since we are interested
in the parametrization to the positive direction, we want to compute the arclength from
time ¢ to time 0, denoted ¢(¢). This would be given as

0 0 =0
/ |7'(s)|ds = / 41s]3ds = / —45%ds = —s*| =1t
t t s=t

So, the parametrization with respect to arclength ¢ from ¢ = 0 to negative direction would
be to replace t* by /. This is just 7(¢) = (cos({), sin({)).

As a sanity check, this should satisfy |[7/(¢)] = 1 and that the parametric curve 7(¢)
for £ > 0 would correspond to the parametric curve 7(¢) for ¢ < 0. It is indeed the case
that |7/(¢)| = 1 because we did that calculation in class. Also ¢ > 0 corresponds to ¢t < 0
because the argument in cos and sin increases in both cases.

(3) We have 7/(t) = (—1,4,3),s0 |7'(t)] = v/1+ 16 + 9 = 1/26. Note that (5, —3, 0) corre-
sponds to t = 0. Since we are interested in the parametrization to the positive direction,
we want to compute the arclength from time 0 to time ¢, denoted ¢(¢). This would be given
as

/| |ds—/\/ 6ds = v/ 26t.
So, the parametrization with respect to arclength ¢ from ¢t = 0 to positive direction would
be to replace /26t by £, or t = \/L%.. Thus, the parametrization we are looking for is

2 =5 L A g 3t
MO = (5= = == )



As a sanity check, this should satisfy |7/(¢)| = 1 and that the parametric curve 7(¢) for
¢ > 0 would correspond to the parametric curve 7(¢) for ¢ > 0. Indeed, as / increases,
decreases, y increases, and z increases, which is the same when ¢ increases. Also, 7/({) =

14 .3 > _ [1 16, 9 _ [ _
(=T vaor vas)h S0 1T/ (O] = (/o5 + 3 T 26 = /26 = |
(4) We have 7/ (t) = (e cost + e sint, —e' sint + e’ cost, v/2¢t), so

17/ (t)| = \/(et cost + etsint)? + (—etsint + et cost)? + (v/2et)?

= e'\/(cost +sint)? + (cost — sint)2 + 2

= et\/cos?t + 2costsint 4 sin’t + cos?t — 2costsint + sin?t + 2
= et\/QCOS2t—|— 2sin?t + 2 = e'v4 = 2¢.
Note that (0, —e™, /2¢™) corresponds to t = 7. Since we are interested in the parametriza-

tion to the negatlve direction, we want to compute the arclength from time ¢ to time 7,
denoted ¢(t). This would be given as

/ |7 (s)|ds —/ 2e’ds = 2¢e®

Thus, the parametrization with respect to arclength ¢ from ¢ = 7 to negative direction
would be to replace 2e™ — 2¢’ by (, or 2e™ — 2¢' = (, or 2¢™ — { = 2¢', or €' = 2L or
t=1In (26 _Z) Thus

e — 2 T — e — 2 T — e —
r(l) = <€1n(2 =) sin (111( ¢ 5 g)) ,eln(Q =) cos (ln ( ‘ 5 g)) ,\/§eln(2 2 £)>
2e™ — 1 2e™ —/{ 2e™ —{ 2e™ —( 2e™ —/
= ( 5 sm<ln( 5 )), 5 COS(IH( 5 )),\/5 5 )
As a sanity check, this should satisfy |7/(¢)| = 1 and that the parametric curve 7(¢) for

¢ > 0 would correspond to the parametric curve 77(t) for ¢ < 0. Indeed, as ¢ increases, z
decreases, which is the case when ¢ decreases. Also,

) (1)
o (Z50) 2o (5.
o () el ()

= (e (5) - bn o(55)
(o () e ()

S=T ¢
= 2e" — 26",
s=t

So




iz (m (2= ) i ( (2 m (2=t

—43 5 28 5 cos 5

1 9 2e™ — /¢ 1 2e™ — 4 . 2e™ — 4

+—cos” | In ——cos [ In sin | In

4 2 2 2 2
1, 2e™ — /4 1 9 2e™ — /4 r 1 1
= s (111( 5 ))+QCOS (1n( 5 ))+2—2+2—1

which is what we want.
(5) Since we are interested in the parametrization to the negative direction, we want to com-
pute the arclength from time 7 to time ¢, denoted /(¢). This would be given as

t t
z@);/ |F’(s)|ds:/ 2etds = 2°

Thus, the parametrization with respect to arclength ¢ from ¢ = 7 to positive direction
would be to replace 2¢' — 2¢™ by £, or 2¢' — 2e™ = {, or ¢! = ”% ort =1In (”%) Thus

7(0) = ("(“37) sin (m (g +226W))  en(55) cos (m (5 +22€W)) V2 (H5))

0+ 2€™ 0+ 2e™ {4 2€™ {4+ 2e" 0+ 2€™
= i 1
( ) s1n(n< 5 )), ) cos<ln( 5 )),\/5 5 )

As a sanity check, this should satisfy |7/(¢)| = 1 and that the parametric curve 7(¢) for
¢ > 0 would correspond to the parametric curve 77(t) for ¢ > 0. Indeed, as ¢ increases, z
increases, which is also the case when ¢ increases. Also,

. 1 . 0+ 2e™ l+ 2e™ 1 cos (ln (M))
(6) = tgsin (1 (2T ) ) 4 2 ~<5 ).

2

%COS (m (£+26”)> L2 (lsm (In (“%))) V2,

0+2e™ 5
2 2 +T 2

s=t ‘
= 2e" — 2e™.

S=T

2
= %(sin2 (111 (6 +22€ ))+2 sin <ln (£ +22€ >> cos (ln <€ +2 c ) +cos? (ln (6 +226 ))
n (ln (6 +22€ >)+sin2 (ln <£ +22€ ))+2)
1




O

Exercise 3. Explain why the parametrization of 7(t) = (cos(t?),sin(¢?)) with respect to ar-
clength, starting from ¢t = —3, to the positive direction, does not exist.

Solution. The arclength parametrization exists only if the parametric curve travels in a fixed di-
rection. On the other hand, the given parametric curve travels clockwise from ¢ = —3to ¢t = 0,

and at t = 0 it turns around and starts travelling counterclockwise. U

Exercise 4. An object moves with position function 7(t) = (t?, e’ sint, ' cos t). Find the velocity
and acceleration ¢/(t) and d(t).

Solution. We just use ¥(t) = 7'(t), and @(t) = " (t) = v''(t). We have
U(t) =7"(t) = (2t,e' cost + €' sint, —e' sint + e’ cost).
a(t) =7"(t) =7'(t) = (2, (e’ cost—e' sint)+ (e’ sint+e’ cost), (—e’ sint—e cost)+ (e’ cost—e’ sint))

= (2, 2¢" cost, —2¢' sint).

O
10. FUNCTIONS OF SEVERAL VARIABLES
Exercise 1. Find the values of the following functions.
(1) f(2,5) for f(z,y) = 2°y* — 1.
(2) f(%, %) for f(x,y) = xsiny + ysin z.
(3) f(0,m,1) for f(x,y,2) = 2*y*2 — xe* + zsiny.
Solution.
_ 2 _ 2 _ 498
(1) f(2,5) =2%-5 = 2 =100 — ¢ = 5. s
T T T oty T T i T s s ™ s m 4
(@) f(3.5)=3sing +5sing =5 P45 1="m0 4 7= "0
3) f(0,m,1)=0%-73-1-0-¢"+1-sinw = 0.
|

(2) f(xay = :L"_Jlry
3) flz,y) =2 =y
@) f(z,y) = 7=

Solution. (1) The domain is x + 2y > 0.



The dotted line means the boundary line is not included.
(2) The domain is x + y # 0, or x # —y.

The dotted grey line is in particular not included.
(3) The domain is 2 — y* > 0, or 2% > y?, or |x| > |y|.
10



The boundary lines are included.
(4) The domain is x — siny > 0, or z > siny.

The dotted boundary means the boundary curve is not included.
O

Exercise 3. Sketch the graph of the following functions. Draw some of their horizontal traces.

1) f(z,y) =a?
@) f(r,y) =—-1—-a% -y

@3) f(z,y) =y
11



(4) The implicit equation 22 + y? + 422 = 1 (with z as an implicit function of z, y).

Solution.




©)

Exercise 4. Sketch the contour map of the following functions.

(1) f(z,y) =ye™®
@) f(z,y) = 2% + 49

Solution.
13
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11. LIMITS AND CONTINUITY IN SEVERAL VARIABLES

Exercise 1. Find the limit.

(1)
lim (23y — 3¢°
(x,y)—>(2,1)( Y Y )
(2)
lim 2 +3xy — 2y + 4
(w7y)—>(0»—10)( Y Y Y )
(3)
lim sin(x — y)
(z,y)—(2,2) r—y
(4)

. [ elety)?
lim sin
(x’y)_)(lr_l) T + y

14



(5)

2.3 3.2
lim (w)
(z,y)—=(1,1) e =y

(Hint: 22y3 — 2%y? = 2%9y*(y — 2), and 2% — 3* = (x — y)(x + y))

(6)
I ) 1
im zysin| ———
a0 22 4 32
(7)
lim zy? sin(x)
(2,y)—(0,0) x? + y?
(8)
lim L+ 23 sin(z)
(z,y)—(0,0) x? +y?
Solution.

(1) Youplugx =2,y =1 to get

lim (2%y—32)=8-1—-3-12=5.
<x,y>e<2,1>( y=3y)

(2) Youplug z = 0,y = —10 to get

lim (2% + 32y — 2y +4) =0*- (—10)* +3-0- (—10) — 2+ (—10) + 4 = 24.
(x’y)*)(ovflo)

(3) The function f(z,y) = sinm(zy_) is the composition f(z,y) = g(h(z,y)) where g(z) =
22 and h(x,y) = = — y. Note that

lim A(z,y)= lm x—y=0

(zy)—(2,2) (z,y)—(2,2)
and
, . sin(x)
fgote) = iy ¥ =1
SO

_ sin(x — y) , _
lim —= = lim h(z, =limg(h) =1
(zy)—(22) T —Y (ﬂc,y)—>(2v2)g( (@9)) h—>09( )

(4) The function f(z,y) = sin (e<z+y>2—1

T) is the composition f(x,y) = g(h(i(x,y))) where

g(x) = sin(z), h(x) = ei—’l and i(z,y) = x + y. Note that

lim i(z,y) = lim x+y=0
(z,y)—)(l,fl) ( y> (wuy)*)(l»*l) y
and
et — 1

lim A(z) = lim
z—0 z—0 T
which is of form %, so by L’Hopital
z? 1 2 x?
lim A(z) = lim ¢ im 2
x—0 x—0 €T z—0 1
15




and
lim g(z) = lim sin(z) = 0.

a—0 2—0
So
ety)? _ 1
i sin (T) = limg(b(i(e.y) = lmg(h(i)) = lim g(h) = 0.
(5) Note that by Hint
P — ety atPy—x) 2P

2?—yt (w-ylle+y) —(r+y)

y (x2y3 _ x3y2) y ( 222 ) 1
m | ———— )= lm [—F/——+]=—3
@y \ 22— y2 (@y)—(1,1) \ — (T + ) 2

(6) Note that

SO

SO
xysin( ! )‘ < |xyl.
2+y? )|
Since
eaaon ™ =0
by Squeeze Theorem,

1
lim zysin| ————= | =0
(2,4)=(0,0) x? + y?

(7) Note that | sin(z)| < 1. Note also that xfj{; < |z|, because % < 1. Since lim g ) 0,0y T =
0, by Squeeze Theorem
zy?

lim ———~=0,
(@y)—(0,0) 22 + y?

and again by Squeeze Theorem
2 .
im Y sin(x) _
(z9)~(00) 2% +y?
(8) Note that
lim (1 N 23 sin(a:)) 14 dim (3;3 sin(x))
(2:4)=(0.0) z? +y ()= (0.0) \ 2%+ y!
so you are left with finding what
3 .
lim x? sin(x)
(z)=00) \ 2% +y*

16



is. Note that since |sin(z)| < 1, we have %riff) < :c;fy‘l < |i—|23 = |z|. Since
lim, )—(0,0) * = 0, we have by Squeeze Theorem
3 .
p, (Z0) g
(zy)—=(0,0) \ 2°+ Y
So ;
lim (1 . M) 4
(2,4)=(0,0) x? + yt
O
Exercise 2. Show that the limit does not exist.
(1)
lim
(2,y)—(00) 22 +y
() .
lim Y
(2.9)=(0,0) 22 + 3y°
3)
22y
im ———
(@)= (0,0) T* + YO
(4)
3y
im
(z,y)—(0,0) T — 22292 — 94
(5) ;
lim vy
(z,9)—(0,0) 2° + 322y? — 93
(6)
_ xy? + y2? + za?
lim
(2,9,2)—(0,0,0) a3+ 3 + 23
(7)
lim vy
(2,y,2)—(0,0,0) 8 4+ 23y3 + yb 4 26
(8)
i xzy + y22
(2,9,2)—(0,0,0) ° + 23y + 222 + xy?2
Solution.
(1) Use the path = = 0 and y approaching 0, we get 521y — V- On the other hand, if we use
the path = y approaching 0, we get 2ziy = = %, so the limit along the second path

is % So the limit does not exist.

(2) Use the path x = 0 and y approaching 0, we get % = 0. On the other hand, if we use

the path x = y approaching 0, we get in%yQ = % = }1, so the limit along the second
path is i. So the limit does not exist.
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(3) Use the path z = 0 and y approaching 0, \2763 get —xﬁ?’; = (. On the other hand, if we use
T = mﬁif; = 3. So the limit along the second

the path y = x?/% approaching 0, we get
path is % So the limit does not exist.

4) Use the path x = 0 and y approaching 0, we get ——%— = 0. On the other hand, if
p pp g g Tt =2y —y
. 3y x* 1 LI
we use the path y = z approaching 0, we get pe s py ey Sl e i F So the limit

along the second path is —2. So the limit does not exist.

(5) Use the path z = 0 and y approaching 0, we get 5 = 0. On the other hand, if

Yy
5 +3a:2y2 —
x° 0 _ 1

z’y — —
x®4+3x2y?—y3 254320 —20 T 254220 T 14227
So the limit along the second path is lim,_, ﬁ = 1. So the limit does not exist.

6) Use the path £ = v = 0 and 2 approaching 0, we get oy’ tuz+22 _ () Op the other hand,
(6) p Y pp g g

we use the path y = x2 approaching 0, we get

$3+y3+23
if we use the path x = y = z approaching 0, we get mfay;f:;f = iiiiiii; = 1. So the
limit along the second path is 1. So the limit does not exist.

(7) Use the path x = y = 0 and z approaching 0, we get % = 0. On the other
hand, if we use the path v = y = z approaching 0, we get 7557 = %6 = 1. S0
the limit along the second path is . So the limit does not exist.

. 2 2

(8) Use the path # = 2z = 0 and y approaching 0, we get — +I32ﬁ:2y;2 T 2: O.QOn the

other hand, if we use the path y = 2*, z = 2* approaching 0, we get — HS’;f;rQyZZQ =

x5 +27 _ 25427 1422
xP4+ab+a6+29 T 254220429 T 14afat-
1. So the limit does not exist.

So the limit along the second path is lim,_ % =

O

Exercise 3. Find the limit, if it exists, or show that the limit does not exist.

(1)

. 2v —y
lim ——=—
(z,y)—(1,2) 4x? — 72
(2)
. oty + 23
im -z -
(2,9,2)=(0,0,0) x4 + 2y% + 2
3)
lim — 74 —*
(zy)—1,1) 1 —y+Inzx
(4)
y?sin® x
im *——
(@y)—(0,0) T4+ y*
Solution.

(1) Since 422 — y? = (22 — y)(2z +y), 15 = 72 So

) 20 —y ) 1 1
lim _— = lim P
(zy)—(12) 422 —y? (@y)—-12)2x+y 4
18




(2) If you approach along y = z = 0, we get T i—i = 1, so the limit is 1. On the other

T4 +2y2+2
hand, if you approach along = = y = 0, then we get
So the limit does not exist.
(3) If you approach along y = z, we get

2y 423 43
zt+2y%+2

1— y—Hn
2y—2 2y—2 . .
along x = €2, then 17?;&190 = lgyi%q =¥ yefl , so the limit is, by L’Hopital,
2y—2 y—2
. y—e . 1 —2e _
lim>¥——— =lim——— =1— 2},
y—=1 Yy — 1 y—1

which is different from 0. So the limit does not exist.

= £ = 2%, so the limit is 0.

= 0. On the other hand, if you approach

(4) If you approach along y = 0, we get Y8’z _ (). On the other hand, if you approach

4+ 4
sin?z _ 22sin?z _ sin?ax 2

iyt T 2x4 22

along © = y, you get v
limit does not exist.

212

12. PARTIAL DERIVATIVES

Exercise 1. Find the indicated partial derivative.

(1) f(z,y) = 2%y — 3y*, fu
2) f(z,y) = %ny, Jy

) f(z,y,2) = zy’e™™, f.
(@) f(x,y,2) =In(z+ 2y +32), f,
5) f(z,y) = ze¥’*, f,(1,0)
©) f(z,y) = 954@/2 22€Y, fuy
(7) f(xa y) = 2x+3y’ fxy
(8) f('ra y) = Sil’l(SL’QQ— yQ)» f:mc
(9) f(ﬁ,y,Z) = e s f:cyz
y

(10) f(:Ea ) = sin(4$ - Sy)a fa:yx
(1) f(z,y,2) = et — =2, f,,
(Hint: compute (e**¥),,. and (e5"¥=2)) . _ separately)

Solution.
(1)fx—2rcy (o) -
_ T (=2) _ 1 T+ _ 3x
@) fy =2 2y N (90327;/)2 oz T (96*2;)/2 T (z—2y)?

(3) fo = wy’(—w)e™™* = —a?y’e ™™
_ 2
4@ fy = sm,73
(5) fo=e¥/* +xev/®. (—%) =e¥/® — f—cey/x, so f(1,0) =% = 1.
(6) f. =42%y? — 3z%e, and f,, = 8x y — 3x%e¥

_ 2y 2.(2y)-3 —2(204+3y)+12y _ —4a+6
(7) f:)c o (296-i-—32,/2’ and f:}cy (2:(:-&-3y)2 + (2:c+3y) o (2x+?§¥y)3 ‘= (2x+3y)y3

8) fo=2x COS(I —y?), faox = 2c0s(2? — y?) — 4a?sin(z? — y?)

so the limit is lim,_,q 8852 = % So the

O

(9) fz = ,yZ?e:ryz f:cy =z exyz2 + (yZQ) ' (ZEZ2) ' exyZQ = (22 + l‘yzél)eacyzQ’ and fa:yz -

(22 + dxyz3)e i + (22 + zy2t) - (2zyz) - €% = 22(a%y?2t + 3wyz® + 1)
(10) f, = 4cos(4x — 3y), fy = 12sin(4x — 3y), frye = 48 cos(dx — 3y)

(11) Since (exﬂ’)xyz = (exﬂ/)zwy = ((€x+y)Z)xy = 0 and (6Sin(y_z))xyz = ((esm(y_z))x)yz =0,

we get fg,. = 0.
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Exercise 2. Find all the second partial derivatives

(1) fla.y) = 2

y —x
@) f(z,y) = 2"+
(3) f(l'; Y, Z) = 0e® + 3$y _ yesm(z)

Solution.
TrYy)— 2 T+y)- —x x
(1) We have fo = by — T = (0 and f, = b — (TRERE = (2550 So
I = 2y(y +1)

oy = Fou = 2y +1 _2(y2+y)'(2y)_—2$y—x—(2y+3)y2

(2 — )2 (y>—x)* (y2 —x)3
7 :_2x+2y 2(:1:—|—2y1:+y2)«(2y):2x2+6x(y—|—1)y—|—2y3

Y (P —a)? (y? —x)? (y? — x)3

(2) We have f, = dze® V", fy= 4ye™ V", So

fa:a: 4e” o ty? ‘I‘&L‘Q 'ty

foy = fyz = 8zy€” “+y

f _4em+y +8y2 x24y?

(3) We have fm = 6e” + Sy, fy = 3r — sm z) , fz =—y COS(Z)@Sin(z). So

fzm = Ge”
fwy = fy:v =3
fyy:o

fyz = fuy = — cos(2)e@
frr = ysin(2)es™E) — g cos?(z)e )

Exercise 3. Use implicit differentiation to find 2% and 92

(1) 22 —y?+ 22 —22=4
D yz+zxlny = 22

() y Y

3) e = xyz

(3) Yy

Solution.

(1) Take — on both sides to get

0z 0z
2z + 22% — 2(9_1: =0
or )
z
(22 — 2)817 = —2zx
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or
0z T

or  z—1
Take , on both sides to get
0z 0z
—2y+22——-2—=0
Y+ Zay oy
or 5
z
2z —2 =2
(2z=2)5 =2
or
0z y
oy z-—1

(2) Take — on both sides to get

or p
(22 — y)% =Iny
or
dz  Iny
oxr 22—y
Take , on both sides to get
n 0z n T _ g 0z
z2+y—+— =22—
oy dy
or 5
z
Z o (9s — )=
24— =(22 y)gy
or .
0z  z+3
oy 2z—y
(3) Take — on both sides to get
0z , n 0z
oz° ~ T Wy
or
8z( ; )
— (e —zy) =yz
B ) )
or
0z  yz
or e —ay
Take , on both sides to get
0z N 0z
—e* =xz+ ry—
dy yay

or



or
0z Tz

oy  e* —uay

Exercise 4. Use implicit differentiation to find aTaZy

(1) 22 —y>+22—22=4
(2) yz +xlny = 2*
(3) e = xyz

Solution. We had computed g—fc above, so we need to compute its a%
(1) We have

DN _0( N w0 &y w
oy\odzx) oy\ z—1) (z—120y (2—122—-1 (z2—1)3

(2) We have
0 (0z\ _ 0 ( Iny \ _ i _ Iny 2%_1
oy\or) oy\2z2—y/) 22—y (2z—9)2 \ 0y
B 1 __Iny 22+2§ 1
Cy2z—y)? (e \ 22—y
(3) We have
D0y _ 0 (v \ Vw0,
oy \dx) Oy \e*—uzy —xy  (e* —ay)? dy

tyzrg Yz L xz
= — e —x
e* —xy (e* — zy)? e? — xy

13. TANGENT PLANES AND APPROXIMATIONS

Exercise 1. Find an equation of the tangent plane of the given surface at the specified point.
(1) The graph of f(z,y) = 2>+ 3>+ — 2y, atx = 0,y = 1.
(2) The graph of f(z,y) = y?e*, at (0, 3,9).
(3) The graph of f(z,y) = ;z, at (4,2, -1).
(4) The graph of f(x y) = SBSin({E +vy), at (—
(5) The surface 2% + 4y* + 922 = 1, at (7 %
(6) The surface zy + yz + zx = 0, at (—1, 2,
(7) The surface ze* + yz = zy, at ( ,—¢€, 1).
Solution. (1) We have f(0,1) = —1. Also,

fa=22+1, f,=2y—2

,1,0).

SO
f:00,1) =1, f,(0,1) =0
So the tangent plane has equation

z+1=f2(0,1)(x=0) + f,(0,)(y = 1) =



(2) We have
Jo = y2€:p’ fy = 2ye”.
So
f2(0,3) =9, f,(0,3) =6.
So the tangent plane has equation
z—9=f,(0,3)(x —0) + £,(0,3)(y —3) =9 + 6(y — 3) = 9z + 6y — 18,
or z =9x + 6y — 9.

(3) We have
1 T
fx = Ea fy - _ZE
So 1
fz(_47 2) = Z? fy(_47 2) =1

So the tangent plane has equation

z—i—l:f:c(—4,2)(:v+4)+fy(—4,2)(y—2):%(x+4)+(y—2):§—l—y—l,

orz=7%+y—2

(4) We have
fo =sin(x +y) +zcos(z +y), [, =xcos(x+y),
SO
fo(=1,1)=-1, f,(-1,1)=—1.
So the tangent plane has equation
2=fELNE+ D+ AELD) - =@+ ) - (y—1) = -z —y.

(5) To find the tangent plane, we need to find % and g—;. Note that by taking 8% on the implicit

equation we get

0
27 4+ 18222 — 0,
ox

or % = —¢-, and by taking 8% on the implicit equation we get
8y + 182% =0,
y
or g—z —52. So, at (%, %, %), we have
3
31 1
Ox 77 1—78 6
4
0:3 1 4 2
oy 77 1—78 9
So, the tangent plane has equation
2 0z,31 3. 02,31 1 1 3. 2 1 1 2 13
S 5(775)($—§)+8—y(§,§)(y—§) = —8@—7)—5(9—7) = —6$—§y+%,
or

1 2 49 1 2 7

6" 9 3263_ TS

[
Il
|
|
|
|
|
|



(6) To find the tangent plane, we need to find % and g—;. Note that by taking 8% on the implicit
equation we get

PO
—tr+z=
Y% T oz ’
or
(z+ )82
x —=-y—2z
Y o Y )
or
0z Ytz
oxr x4y
By taking a% on the implicit equation we get
+ 2+ 82+8z 0
r+z+y—+ —x =
or
N )82
x —=-—I—z
Y By )
or
0z z+=z
oy  xty
So, at (—1,2,2), we have
0z 0z
2(-1,2) = —4, —(—1,2) = —1.
LY =4 F(-12)
So the tangent plane has equation
0 0
2—2:6—;(—1,2)(x+1)+a—;(—1,2)(y—2):—4(a:+1)—(y—2):—4m—y—2,
or
z=—4r —y.

(7) To find the tangent plane, we need to find % and g—;. Note that by taking % on the implicit
equation we get

- Zaz+ 0z
e tref —+y—=
or  Vor ¥
or
(ze” + )32 ;
xe —=y—e
) or Y )
or
0z y—e*
oxr  xe*+y
By taking a% on the implicit equation we get
Zé?z+ n 0z
ref— 4 z4+y— =2
dy yay ’
or
(ze* + )82
xe —=x—z
Y By )
or
0z r—z




So, at (%, —e, 1), we have

0z 1 —e—e 0z 1 1 1
8:75(2’ 2 se—e ’ 8y(2’ °) se—e e
So the tangent plane has equation
0z ,1 1 0z 1 1 1 Y
—1=—(=,- — =)+ =—(=,— =4(x— =)+ - =4r+=-1
m 1= (G- 3)+ G-yt =4 = )+ o) et L1,
or
z:4x—|—g.

Exercise 2. Approximate the number.

(1) £(0.01,0.01), for f(x,y) = sin(z + 2y).

(2) f(0.1,—0.1), for f(x,y) = eveos@),

(3) f(5+0.02,0.01), for f(x,y) = xysin(z + y).
(4) f(3.02,1.97,5.99), for f(z,y,2) = /2> + y* + 22
(5) £(1.02,0.01,1.02), for f(z,y, z) = 2?In(z* — y?)
Solution. (1) Note

£(0.01,0.01) ~ £(0,0) + f.(0,0) - 0.01 + f,(0,0) - 0.01
Since f(0,0) = 0, f, = cos(xz + 2y), f»(0,0) = 1, f, = 2cos(z + 2y), f,(0,0) = 2, we
have
£(0.01) ~ 0.01 4 0.02 = 0.03.

(2) Note

f(0.1,=0.1) ~ f(0,0) + £2(0,0) - 0.1 + £,(0,0) - (=0.1)

Since £(0,0) = 1, f, = —e¥**@ysin(z), f,(0,0) = 0, f, = @ cos(x), £,(0,0) = 1,

we have

f(0.1,-0.1) ~1—-0.1 =0.9.
(3) Note

F(E 4+0.02,0.01) ~ f(g, 0) + fz(g, 0)-0.02 + fy(g, 0)-0.01
Since f(5,0) =0, f, = ysin(z +y) + zycos(z +y), f2(5,0) =0, f, = wsin(z +y) +
wycos(x +y), fy(5,0) = 5, we have

f(g +0.02,0.01)
(4) Note

~ —

200

£(3.02,1.97,5.99) ~ £(3,2,6) + f.(3,2,6) - 0.02 + £,(3,2,6) - (—0.03) + f.(3,2,6) - (—0.01)
Since f(3,2,6) = 7, fx(.flf,y, Z) - \/ﬁ; fx(37276) - %» fy(xay7z) =
£,(3,2,6) =

Yy
2 N
7 fz(x7y7 Z) /$2+y2+22’ f2(372’6>

Va2 y2 a2’
zg.So
6 6 6 6
02,1. 99) ~ — - =T —
£(3.02,1.97,5.99) 7+7950 =00~ 700 7



(5) Note
£(1.02,0.01,1.02) ~ £(1,0,1) + f,(1,0,1) - 0.02 + £,(1,0,1) - 0.01 + f.(1,0,1) - 0.02

Since f(1,0,1) = 0, f, = %’ f(1,0,1) = 2, f, = % f,(1,0,1) =0, f, =
2zIn(2? — y?), £.(1,0,1) = 0, we have

£(1.02,0.01,1.02) ~ 0.04.

[
Exercise 3. Find the differential A f.
1) fz,y) =a* — a2y + 3y*.
2) f(z,y) =14 zn(zy —5).
(3) f(a,y,2) = wze "7,
Solution. (1) Note that f, =2z —y, f, = —x + 6y, so
Af = (2 —y)Az + (—z + 6y)Ay.
(2) Note that f, = In(zy — 5) + Totse fy = 5=, 50
72
Af = <ln(:1:’y —5)+ ) Ax + Ay.
— Ty — 5
(3) Note that f, = ze ¥v"~%, fy = —2ayze V' f, = xe VT 4 pze VT (=2z) =
(x —2x2%)e V"% s0
Af = ze V' Ax — 2xyze‘y2_z2Ay + (z — 21‘22)6_y2_22AZ
O

Exercise 4. Find the margin of error of the quantity.

(1) f(x,y) =xe™, withz =2+0.1andy =0+ 0.2.

(2) f(z,y) =xIn(y+1),withx =—-1+0.1andy =0=£0.1.

(3) The volume of the box with sides (2 £ 0.05) x (10 £ 0.07) x (10 £ 0.02).
4) f(z,y,2) = 2%y* + 325, withz =3 £ 0.0,y =2+ 0.0l and z = 1 4 0.01.

Solution. (1) Note that f, = €™ + zye™, and f, = x%e™, so f,(2,0) = 1 and f,(2,0) = 4. So
MOE; = |£,(2,0)| MOE, +|f,(2,0)| MOE, = 0.1 +4- 0.2 = 0.9.
(2) Note that f, = In(y + 1) and f, = 15, s0 f;(—1,0) = 0 and f,(—1,0) = —1. So
MOE; = |f,(—1,0)| MOE, +|f,(~1,0)| MOE, = 0.1.

(3) Note that the volume V (z,y, 2) = xyz, for a box with three sides x,y, z. Then V, = yz,
V, =2, V, = zy, so V;(2,10,10) = 100, V,(2, 10, 10) = 20, V,(2, 10, 10) = 20. So

MOEy = |V,(2,10,10)| MOE, +|V, (2, 10,10)| MOE, -+|V.(2, 10, 10)| MOE, = 5+1.440.4 = 6.8,

(4) Note that f, = 2zy, f, = 4%y + 3y*2°, f. = by®z%, so f.(3,2,1) = 96, f,(3,2,1) =
300, £.(3,2, 1) = 40. So

MOE; = |£+(3,2,1)| MOE, +|£,(3,2,1)| MOE, +|f.(3,2,1)] MOE, = 0.96 4 3 + 0.4 = 4.36.

U
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Exercise 5. Approximate using the table of values.

(1) The wave heights, when the wind has been blowing for 32 hours at 43 knots. The following
is the table of wave heights in the open sea, measured in feet.

Duration (hours)

t5101520304050

Wind 20 517181819919
speed 30 9 113116|17 18|19 |19
(knots) 40 | 14|21 25|28 31|33 |33
50 |19]29 36|40 45|48 |50
60 |24 |37 47|54 |62 |67 |69

(2) The perceived temperature, when the actual temperature is —17°C and the wind speed is
52km/h. The following is the table of perceived temperature, measured in °C.

Wind speed (km/h)
T” 20 | 30 | 40 | 50 | 60 | 70
Actual 10 | —18 | =20 | —21 | =22 | —23 | =23

temperature (°C) | —15 | —24 | —26 | —27 | —29 | —30 | —30

—20 | =30 | —33 | —34| —35| —36 | —37

=25 | =37 | =39 | —41| —42 | —43 | —44

(3) The surface area of a human body, when the weight is 177 pounds and the height is 5.7
feet. The following is the table of the surface area of a human body, measured in square
feet.

Weight (pounds)
150 | 160 | 170 | 180 | 190 | 200

) 179|184 18.8 | 19.3 | 19.7 | 20.2
5.5 [19.119.7120.2|20.7|21.2|21.6
6 (2041209215 22 |225| 23
6.5 |21.6|222|228(23.3(23.9|244

h

Height (feet)

Solution. (1) Let h(v,t) be the wave height (in feet) given the wind speed v (in knots) and the
duration ¢ (in hours). We are interested in h(43, 32). We have

h(43,32) ~ h(40,30) + 3h,(40, 30) + 2k, (40, 30).

We have ( ) ( )
h(50,30) — h(40, 30 45 — 31
h’U 4 3 Y ! ! = —
(40,30) 10 10
h(40,40) — h(40,30) ~33-31

10 10

1.4,

h:(40,30) ~ 0.2,

SO
h(43,32) ~ 31 +4.24 0.4 = 35.6.

(2) Let I(T,v) be the perceived tempertaure (in °C) given the actual temperature 7" (in °C)
and the wind speed v (in km/h). We are interested in /(—17,52). We have

1(=17,52) ~ I(—15,50) — 2I7(—15,50) + 2I,(—15, 50).
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We have
I(—10,50) — I(—15,50) =22 (—29)

Ir(—15,50) ~ - = - =14,
1(—15,60) — I(—15,50)  —30 — (=29
I1,(—15,50) ~ (=15, )10 (=15,50) _ 10( ) _ 0.1,

SO
1(—17,52) ~ —29 — 2.8+ 0.2 = —31.6.

(3) Let S(w, h) be the surface area of a human body (in square feet) given the weight w (in
pounds) and the height h (in feet). We are interested in S(177,5.7). We have

S(177,5.7) ~ 5(180,5.5) — 35,,(180,5.5) + 0.25,(180,5.5)

We have
S(190,5.5) — S(180,5.5) ~21.2-20.7

(180,5.5) ~ = = 0.05,
S,(180,5.5) n . 0.05
S(180,6) — S(180,5.5) 22 —20.7
Sp(180,5.5) ~ (180, >05( 25:5) _ e =26,

SO

S(177,5.7) ~ 20.7 — 0.15 4 0.52 = 21.07

14. CHAIN RULE
Exercise 1. Find the derivative(s).
(1) % (x(t),y(t)), where
flay) =ay?, a(t) =1, y(t)= %
(2) & f(x(t), y(t)), where
flzy) =€, () =In(t), y(t)=t
(3) S (x(t),y(t)), where
flz,y) = 2* +xy®,  2(t) =sin(t), y(t) = cos(t)
(@) S (x(t),y(t), 2(t)), where

flz,y,2) =2y +yz, xt)=t>—1, yt)=2t, =z(t) =1
(5) 5 f(x(t),y(t), 2(t)), where

f(z,y, 2) = 2%yz, z(t)=2t, ylt)="+t, =2@1)=t*—1
(6) 4 f(x(t),y(t),z(t)), where

Y
f(z,y,2) = Vo +yz, z(t)=sin’(t), y(t)=cos(t), =z(t)= cos(t)
(7) dt (x(t)ay(t)a Z(t))’ where

flz,y,2) =In(1 +ayz), ()=t y)= %, 2(t) = ¢



% =y’ g = 2xy
ox ’ ay ’
dx . 9 dy B 1
dt 3t dt — 2

we have
df Ofdx Ofdy ) RN
dt  owdt Togdt Y (3°) + (2zy) - (—35) =3-2=1

g 9 f dy s
(2) We have d—J; — 8%% + a_J;d_%fl' Since

of ., of _
%—ye 5 8—y—xe ,
e _1ody
dt ¢ dt
we have
df Ofdx  Ofdy 1

i amad oy v et =M A im0t = 1+ ()

q 9 Of dy
(3) We have d—{ — a_ic% a_gd_?‘ Since

we have Ty o
xXr Y 9 ) .
= A _— = _ 2
i ordr Tayar - Bv v coslt) = 2zysin(t)

= (3sin®t + cos®t) cost — 2sin® t cost = (sin®t + cos®t) cost = cost

df _ Of dx af dy 8f dz o
(4) We have 9 —2ldr o +odz Since

8_f_ g_x—l—z g—
8x_y’ oy 9z Y
dx d_y_ dz

_ = — e 2
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we have

df Ofdx Ofdy Ofdz

=L e T oyt 42 3yt? = 4t +2(82 +t* — 1) +6t° = 8> + 6t
G ord Togdt Tosar - YAty A1)+ +
() We have & = 91z 1 0188 4 202 Since
g = 2xyz ﬁ =2’z g = 2%y
Ox Ty "0z
dx dy dz
— =2 = =341 =2t
a0 dt Thw
we have

df dfde  Ofdy  Ofdz
dt Oxdt Oydt 9z dt
=4-2t)- (B +t)- -1+ GB+1)-(2t)- (= 1) +2t-(20)* (£ + 1)
=8t (' — 1) +4£2(3t" — 267 — 1) + 83 (£ + t) = 28t° — 12¢°
(6) We have df 0fdz 4 65 dy 4 91 dz gince

= dzyz + (32 + 1)a’z + 2ty

— Bz dt dt Bz dt-
of 1 of _ __ =z of _ _
or 2z +yz Oy 2yx+yz 0z 2/x+yz
dx ) dy ) dz )
i 2sin(t) cos(t), i sin(t), pri sin(t)

we have

df _Ofdr Ofdy Ofdz _ sin(t)cos(t) sin(t)z sin(t)y  sin(t) cos(t) — sin(t) cos(t)

-2

At~ Oz dt 8y dtJr@z dt T Fyz _2\/x+yz_2\/x+yz VI +yz

d of d af d of d .
(7) We have f ai: o+ agj =+ 8JZC <. Since

8_f_ yz g_ Tz %_ Ty
or l+4+wzyz 0Oy 14axyz’ 0z 1+ayz

dr dy 1 dz
dt 77 dt 127 dt
we have
df Ofdx Ofdy 0fdz  2tyz Tz N etxy
dt — Oxdt Oydt Ozdt 14+zyz t2(1+axyz) 1+ayz
2 t2e! N te' el 4 tet
Ll tet t2(14tet)  14+tet  14tet
(8) We have g£ g”s” + gi gls’ and af gi %f + gi gﬁ’ Since
of of
—=2r+4+y, = =u,
ox 4 Jy
ox oy
=1, Y=y
0s To0s
ox Jy
— = s
at ) Y



we have

of _0fox _0f oy
9s  0x0s | 0yos
of _0fox  of oy
ot ozot T oyor

=2r+y+at=2(s+1t)+st+ (s+t)t =2st+t>+ 25+ 2t

2x+y+x3:2(s+t)+st+(s—|—t)s:2st+82—|—23+2t

(9) We have 8f gf: gﬁ + gi gz and g£ %f + gg g? Since
of of
— =™ 4 gy, — =z,
ox Y oy
0 0
- = 2st, 9 _ 1,
ds 0s
0
gr _ s2, @ =1,
ot ot
we have

af Ofax_i_ﬁf@y
ds  Oxds Oy 0s
8f 8f8:1: 8f8y
ot &Eﬁt Ay ot

(e™ + xye™) - (2st) 4+ 2™ = st(2 4+ 25%t(s — t) + s3t)652t(5_t)

= (€™ +aye™) - 52 — %™ = 5*(1 + s7t(s — 2t))e* 1

(10) We have 3f = 5152 + 550 and 5 = 5155 + 3151 Since
of 5 2ry  2cos(In(x?y))  Of s 2 cos(In(z%y))
or cos(In(z y))ny = . By = cos(In(x y))ﬂ = —
81‘ _ st ay 42 st?
% =te™, % =1"e”
ox ¢ Oy .2
= = g€’ — 9ste®
ot~ C 0 ot
we have
of _ of Ox N of 9y _ 2cos(ln(x2y))test N cos(ln(ny))tQQStz
ds Ords 0Oy0s x Y

= 2t cos(2st + st?) + t* cos(2st + st?)
of _90fdx  0fdy _ 2cos(In(a?y)) ,  cos(ln(z?y))
o oz ot oyor et

= 25 cos(2st 4 st?) + 2st cos(2st + st?)

9stest”

Exercise 2. Find the critical points.

(1) f(x(t),y(t)), where
flz,y) =aye’, z(t)=t-2, y(t)=t
(2) f(z(t),y(t)), where
flry) =ay’ =2y, 2(t)=(@+1)% yt)=t
(3) f(z(t),y(t), 2(t)), where

flz,y,2) =2y +yz, x(t)=—2sin(t?), y(t) =13 =z(t) = t*cos(t?)
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@ F(a(t),y(t), 5(1)), where
f(z,y,2) = —20y+22+2y° +4x—15y+13, x(t) = (t—1), y(t) =2t+1, z(t) = (t—1)
Solution. (1) We want to find when df = 0. We have

df  Jfdx 0Ofdy Y Y Y ¢ 2 t

b AP Rl e = (=2t +t—2+1t)e = (2 —2

i~ ocd T aydr ye’ + xe? + xye? = (( )t + +t)e = ( Je

So df =0 meanst? —2=0,ort = +2.
(2) We Want to find when f =0.

%=%%+%%=@—m»wwnwaw—w
=20t + 1)t —2(t+1)%) +3(t + 1)** — (¢t + 1)*
=20t + 1) (—t> — 4 —2t) + (t + 1)*(2t* — 2t — 1)
= (t+1)(=2t> -8t —4t + 2t —3t — 1) = (t + 1)(—=8t* — Tt — 1)

So df =0Omeanst = —1or 82+ 7t+1=0.So, eithert = —lort = %ﬁ.
(3) We want to find when df =0.

df Ofdx Ofdy 8fdz ) ) s
4y _odraxr  djday _ 4 5 ) .,
& e dt + Dy dt + == 9 dt ty cos(t”) + 2t(z + z) + y(2t cos(t*) — 2t° sin(t”))
= —4t® cos(t?) + 2t(—2sin(t?) + t* cos(t*)) + t*(2t cos(t*) — 2¢° sin(t?))
= (—4t® + 2% + 26%) cos(t?) + (—4t — 2°) sin(t*) = —2¢(2 + ) sin(#*).
So 4 = 0 means ¢ = 0 or sin(t?) = 0, so either t = 0 or ¢? is an integer multiple of 7, or
t—O T, V21, /3T -
(4) We want to find when df =
i Ofde _Of dy of ds 2
T2 oy d)- (20— 1))+ (—2z+ 4y —15)-2+2-3(t — 1
G ordl Togdt T T CE-D) (2 dy —15) -2+ 2:3( 1)

=2t —1)(—4t +2) +2(=2(t — 1)* + 4(2t + 1) — 15) + 6(t — 1)*

= —6t> + 24t — 24 = —6(t* —4 +4) = —6(t — 2)*
SO df = (O meanst = 2.

Exercise 3. Find the distance.

(1) The distance between the point P = (0, 0) and the ellipse

x(t) =2cost+sint, y(t) =2cost —sint

(2) The distance between the point P = (0,0, 0) and the parametric curve

z(t) =1In(t), y(t) =cost+sint, z(t)=cost—sint

(3) The distance between the point P = (1,0, 0) and the parametric curve

w(t) =12, y(t) =V3t, =2(t)=—t



Solution. (1) The distance between (0, 0) and (x(t), y(t)) is the function f(z(t),y(t)) where

f(z,y) = /2% + y>. So we are interested in finding the global minimum of f(x(¢),y(t)).
This should be achieved at the critical points, d]; = 0. Now
df dfde  Ofdy x Y

(—2sint + cost) + (—2sint — cost)

dt wﬁ+@£_¢ﬁq§ Nz
~ (2cost +sint)(—2sint 4 cost) + (2cost — sint)(—2sint — cost)

- Ve
—6sintcost

So, ZJ; = O means sint = 0 or cost = 0. So the possible points are

(r,y) = (2,2),(=2,-2),(1,-1),(-1,1)

Among these, the closest to (0,0) are (1, —1) and (—1, 1), with distance v/2.

(2) The distance between (0, 0,0) and (z(t),y(t), (t)) is the function f(x(t),y(t), z(t)) where

f(z,y,2) = /22 4+ y%+ 22, So we are interested in finding the global minimum of
f(x(t),y(t), 2(t)). This should be achieved at the critical points, % = 0. Now

> dt
df Ofdr Ofdy Ofdz
dt — Ordt Oydt Ozdt

T 1 Y

= -4 (—sint + cost) + : (—sint — cost)
/1-2_|_y2+22t /$2+y2+z2 /x2+y2+22
Bt 4 (cost+sint)(—sint + cost) — (cost — sint)(sint + cost) Int

Va2 + 2 + 22 VR
So % = O means Int = 0, or t = 1. The corresponding point is (0,cos 1 + sin1,cos1 —
sin 1), whose distance to (0,0, 0) is
V/(cos1+sin1)2 + (cos1 —sin1)2? = V2cos? 1+ 2sin? 1 = /2.

(3) The distance between (1,0, 0) and (z(t), y(t), z(t)) is the function f(z(t), y(t), z(t)) where
f(z,y,2) = \/(x — 1) + y? + 22. So we are interested in finding the global minimum of

f(z(t),y(t), 2(t)). This should be achieved at the critical points, d’: = 0. Now
df 8f dx 8f dy 6f dz
dt — Oz dt 8y dt ' 9z dt
r—1 Y z
= -(2t) + V3 -
\/($—1)2+y2+22 (21) \/(w—l)Z—{—yz—l—zZ \/(33—1)2+y2+22

2t(t* 4+ 1)

Ve =12 +y2 + 22
SO Z—’; = 0 means ¢ = 0. The corresponding point is (0,0, 0), so the distance between it
and (1,0,0) is 1.

O
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